
]CARUS 28, 1--15 (1976) 

Radar Observations at 3.5 and 12.6cm Wavelength of Asteroid 
433 Eros 

R A Y M O N D  F. J U R G E N S  AND R I C H A R D  M. GOLDSTEIN 

Jet Propulsion Laboratory, Communications Systems Research Section, 
Pasadena, California 91103 

Received August 7, 1975; revised October 6, 1975 

A study of t|le asteroid 433 Eros using 3.5 and 12.6 cm radar waves indicates that 
the surface is very much rougher than any planetary or lunar surface observed by 
this method. A surface completely covered with sharp edges, pits, subsurface holes, 
or embedded chunks with scale sizes on the order of our wavelengths seems to be, 
indicated. A model based on a rough rotating triaxial ellipsoid having radii in the 
rotation equator of 18.6 and 7.9kin agrees well with our data, although a strong 
wobble in the apparent center frequency of the spectra as rotation progresses indi- 
cates that one side may be more reflective than the other, or more likely, that the 
projected axis of rotation does not equally divide the projected area. 

I. INTRODUCTION 

The 1975 appar i t ion of  the asteroid 433 
Eros  was a highly unusual  even t  from the 
s tandpoin t  of radar  detectabi l i ty .  A survey 
of  approx imate ly  1800 asteroids indicates 
t h a t  this appar i t ion of Eros is ve ry  likely 
to be 10 to 50 t imes more detectable  t han  
the nex t  best  oppor tun i ty  during the 
following 10 years.  The distance to  the  
object  is of greates t  impor tance  to the  
radar  detectabi l i ty ,  because the  received 
power decreases according to the four th  
power of distance. The radius of the object  
is of nex t  most  impor tance  and increases 
the detec tabi l i ty  according to the 3/2 power 
of radius for coherent  radar  detection.  
The average radius of Eros  is larger than  
the es t imated  radii  of  most  of the present ly  
known asteroids tha t  pass near  the Ear th .  
This, coupled with the unusual ly  close 
approach,  provided an oppor tun i ty  to  
s tudy  the radar  backscat ter ing from an 
asteroid with much greater  resolut ion 
than  has been possible in the past.  AI- 
though such events  for the nex t  10 years  
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appear  less favourable,  the sensi t ivi ty of  
radar  systems will ve ry  likely increase by  a 
factor  of l0 or more during this period 
permi t t ing  a number  of o ther  asteroids to  
be studied with equal detail. Therefore,  
this s tudy  m ay  be indicat ive of  the  t y p e  
and qual i ty  of  informat ion t h a t  can be 
der ived from Ear th -based  radar  in the 
near  future .  

II .  DATA ACQUISITION 

A monochromat ic  radar  signal was 
t ransmi t t ed  toward  the asteroid 433 Eros  
using the 64 m diameter  an tenna  system of 
the Je t  Propuls ion Labora to ry ' s  Goldstone 
t racking complex. The dura t ion  of the 
t ransmi t t ing  cycle was set by  the round  
t r ip  time-of-flight of the radar  wave, which 
was approx imate ly  150sec. This cycle 
was followed by  a receiving period of a 
slightly shorter  dura t ion  during which 
the echo was sampled, digitized, and 
Fourier  analyzed using a Fas t  Four ie r  
Transform algorithm. The power spectra  
were formed and accumula ted  for the 
dura t ion  of the receive cycle and recorded 
on magnet ic  tape  for later  processing. 
Following the receive cycle a th i rd  150 see 
period was used to record a signal-free 
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spectrum,  which was used to remove the 
background  from the  echo spectrum. An 
analog filter l imited the receiver band- 
width  to 1400Hz for the X-band  system 
(wavelength of  3.53 em) and 394 Hz for the 
S-band  system (wavelength of 12.5era). 
The  digital sampling was set a t  the Nyquis t  
rate ,  and 512 contiguous samples were 
used in each Fourier t ranstbrm. This 
resul ted in a filter resolution of 2 .73Hz 
at  X -b a nd  and 0 .77Hz at  S-band.  The 
max i mum bandwid th  expected for the 
ta rge t  was about  500Hz at  X-band,  and 
therefore  the spect rum of the asteroid was 
resolved into more than  200 parts.  The 
Doppler  shift caused by  the motion of the 
center  of mass of the asteroid relat ive to 
the observing site was removed by a 
p rog rammed  local oscillator" which was 
guided by  an ephemeris  which was eom- 
puted  by  S. Pierce of the J e t  Propuls ion 
Labora to ry .  The entire t ransmi t  i'eeeive 
receive cycle took  about  7.5min and 
resulted in about  50 spectra  per night  of 
observat ion.  

Observat ions  were made during 7 nights, 
J a n u a r y  19 th rough  J a n u a r y  26, from 
approx ima te ly  5 to 13hr  UT. The first 
and last 3 nights were used for X-band  
exper iments  in the polarized mode, i.e., 
the  polar izat ion of the receiving an tenna  
was matehed  to waves having a polariz- 
a t ion in the direct ion tha t  would be 
expec ted  if  the ta rge t  were a perfect  
mirror.  The second night  was devoted  to a 
depolar ized observat ion at  X-band  while 
the  third and four th  nights were devoted  
to  polarized and depolarized observat ions 
a t  S-band,  respectively.  

Because the measurement  of radar  cross 
section was essential to this exper iment ,  
considerable a t t en t ion  was given to the 
problems of  cal ibrat ion of the t ransmi t ted  
power, the an tenna  gain, a tmospher ic  
absorpt ion,  and the receiver system tem- 
perature .  The prime cal ibrat ion of the 
t r ansmi t t e r  is accomplished by  connecting 
a d u m m y  load to the ou tpu t  port .  The  
d u m m y  load is cooled by  pumping water  
th rough  the  load, and the flow rate  and 
t empera tu re  difference of the water  are 
accura te ly  measured to determine the 
to ta l  power dissipated in the load. This 

measurement  is then used to calibrate an 
electrical power ou tpu t  meter.  The cali- 
bra t ion of the receiver system is accom- 
plished by  measuring the t empera tu re  
difference between two d u m m y  loads 
eonneeted to the input  por t  of the reeeiver  
system. The loads are mainta ined at  room 
and l iquid-nitrogen tempera tures  and serve 
as a prime calibrat ion source. The pr ime 
s tandard  is used to calibrate a gas tube  
noise source which is injected into the 
input  port  of the receiver system. The 
gas tube  system then serves as a seeondarv 
calibration s tandard  and is used for a]l 
calibration during the radar  observations.  
The effective collecting area and gain of  
the an tenna  system is calibrated by  
measuring the power eolleeted when a 
number  of radio star  cal ibrat ion sources 
are tracked.  The radio fluxes of calibration 
sources have been measured using eali- 
brat ion horn antennas  having aeeurate ly  
known apertures.  These da ta  were used to  
determine the effieieney of the aper ture  
relat ive to the geometric area as a f lmetion 
of elevation angle. During the observat ions 
the t ransmi t t ed  power was recorded for 
each t ransmi t  cycle, and receiver cali- 
bra t ion  was carried out  at, the beginning 
and end of each observat ion,  and hourly.  
Two t empera tu re  cal ibrat ion points were 
measured with the an tenna  at  zenith in 
order  to aid in measuring a tmospher ic  
absorpt ion and noise contr ibut ion.  These 
da ta  were used to determine a t empera tu re  
cal ibrat ion curve tha t  was dependent, on 
the secant of the zenith angle. Corrections 
were made for variat ions in the effeetiw, 
an tenna  gain caused by  deformat ion  of the 
surface s t ruc ture  and for absorpt ion due to 
the neutra l  a tmosphere.  These corrections 
were par t icular ly  impor t an t  to the X-band  
sensit ivi ty calibration. The absolute cali- 
bra t ion  of the S-band system is believed 
to be ±0.6 db while the absolute calibration 
of the X-band  system is present ly  less 
certain. Accurate  pointing eorreetions for" 
the X-band system are not  yet. available. 
A decrease in radar  cross section for the last 
day  of observat ion is believed to be due to  
pointing inaccuracies. 

All f requency  and t ime s tandards  were 
der ived from the s ta t ion master  eloek. 
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which has a hydrogen maser as a prime 
reference. This system is stable to about 
l part in l014. 

III .  ANALYSm 

Average Properties (Full Rotation Period) 
The average properties of the asteroid 

were measured by preparing a weighted 
average of the power spectra for one full 
rotation period of 5.268912 hr as measured 
optically by Dunlap (1975). 1 The weights 
were chosen to compensate for variations 
in system sensitivity so as to maximize 
the signal-to-noise ratio, as opposed to 
establishing uniform sampling over the 
full rotation period. As a result some rota- 
tion phases may be represented somewhat 

~ T h e  first p r ime  m i n i m m n  of  J a n u a r y  19, 
1975, occurs  a t  01 :40 ,  co r r e spond ing  to a to ta l  
~mgle t)f r o t a t i o n  f rom 0 . 0 H r  of 113~.8755. 

more strongly than others in the average. 
The resulting spectra showed no strong 
central peak as is usually associated with 
the quasi-specular backscattering charac- 
teristic of lunar and planetary radar 
spectra. Figure l shows 3 spectra typical of 
planetary radar targets for comparison 
with the spectrum of Eros. The lowest 
curve shows a spectrum of Mercury made in 
the polarized mode while the next above 
it is a spectrum in the cross polarized 
mode. The large difference in spectral shape 
is characteristic of lunar and planetary 
targets. The third graph from the bottom 
shows a spectrum of Venus in the cross 
polarized mode. The anomalous bumps 
(features) are clearly evident, and are not 
observed in the radar spectra of Eros. 
The uppermost curve is, of course, the 
average spectrum of Eros made in the 
polarized mode, and because of the 
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Fro.  ] .  A v e r a g e  rada r  spee t rmn o f  Eros in  the po la r i zed  mode  compared  to  r ada r  spect ra o f  
M e r c u r y  a n d  Venus .  The  lowest  g r aph  shows  a s p e c t r u m  of  M e r c u r y  in the  polar ized  m o d e  while 
the  cu rve  ab o v e  shows  the  cross polarizecl mode .  Tile t h i rd  curve  up  f rom the  b o t t o m  show s  a cross  
polar ized s p e c t r u m  of  Venus .  All power  a n d  f r equency  u n i t s  are a rb i t r a ry .  
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averaging over  a full ro ta t ion  period no 
features would be evident.  The spectral  
shape appears  to be more like the cross 
polarized p lane tary  spectra  than the 
polarized spectra.  Such spectral shapes 
appear  similar to those of spherical radar  
ta rgets  having a backscat ter ing fimction, 
S(O), of the form cos" 0 where 0 is the angle 
between the observer  and the normal to the 
surface and n is a number  near  2. This 
scat ter ing model was chosen for initial 
da t a  processing. 

The power spectrum, P(f), from such a 
model can be shown to be 

- -  --f0)/Jm) ] , [ f - - f 0 1 ~ f , .  p(f) ~ [1 ( ( f  , _~ ./2 
0 , elsewhere, 

where fm is the max imum fl 'equency at  the 
limb (one-half of the l imb-to-l imb band- 
width),  f0 is the center  frequency,  and n > 
-1  (e.g., see Goldstein, 1964). The method 
of  nonlinear  least-squares regression was 
used to determine the free aml)li tude 
parameter ,  .f0 and fm" Since any  single 
night of operat ion gave a (later span 
slightly less t han  8hr, roughly one and a 
half  ro ta t ions  were observed. Two averages 
were const ructed  from each night 's  obser- 
va t ion  by  using the first. 5.27 hr of da ta  in 
the first average and then  forming a second 
average 2.64hr later. The  second average 
seldom contained a full 5 .27hr of data,  
and obviously the resulting measurements  
are not  independent  but  do give some 
feeling for the measurement  errors to  
compare  with the formal  error  estimates.  

Table I shows the measured values of  
radar  cross section in meters  squared and 
the half -bandwidth  in Hertz.  The da ta  
were processed for values of n = 1, 2, and 
4, and the tabula ted  measurements  are for 
n -  2. Increased values of n cause larger 
apparen t  bandwidths  and be t t e r  con- 
vergence of the i terat ion process with 
little difference in the to ta l  rms error. 
Es t imates  of the radar  cross section were 
prepared from both the model spectra,  
~m, and direct ly from the observed power 
spectra,  ad. These numbers  agreed within 
the formal error est imates in all cases, 
indicating tha t  no worthwhile systematic  
e r r o r s  w e r e  p r e s e n t .  

Certain conclusions about  the propert ies  
of the surface of the asteroid can be 
drawn direct ly fl'om the measurements  of 
Table I. Most interest ing is the fact tha t  
no significant difference exists between the 
bandwidths  of the X-band  spectra when 
the receiving an tenna  is set. for e i ther  
sense of circular polarization. This indi- 
cates t h a t  the spectral  shapes, and there- 
fore the seM.tering laws, are nearly identical 
in ei ther  polarization. Fur thermore ,  if the 
rat io of the bandwidths  of the polarized 
spectra  at  X-band to S-band are cMculated 
(.fCx~ 305, f,r.s ~ ~2Hz) a value of 3.72 
is foun(1. This ban(twidth ratio is only 
slightly larger than  the ratio of the trans- 
mi t te r  fl:equencies (8495 to 23SSMHz) 
which is 3.56, and indicates tha t  the 
scMtering laws for the two wavelengths  
are almost identieal and tha t  surface 
must  be suffieiently rough t h a t  the inerease 

T A B L E  I 

SUMSIARY OF ]~ADAR CROSS ~E( 'T[ONS AND APPARENT CENTER TO LIMB BAND',VIDTHS BASED ON 

SPECTRA AVERA(IED OVER APPP, OXIMATELY ONE [~OTATION PERIOD (FOlgMAL ERRORS, ] or) 

D a t e  B a n d  P o l a r i z ~ t i o n  
Cross  s e c t i o n  B a n d w i d t  h 

(m-') fin (Hz) 

J a i l .  19, 1975 X P (2.99 _-4- 0.12) x 107 334 +_ l l  
J a i l .  20, 1975 X C P  (8.48 _+ 0.93) x 106 313 _+ 29 
J a n .  22, 1975 ,S' p (3.84 _+ 0.34) x 107 82 _+ 6 
J a n .  23, 1975 N C P  (8.40_+ 5.8) x ]()6 68_-L- 21 
J a n .  24, 1975 X P (2.34 _+ 0.08) x 107 287 _+ 8 
Jma .  25, 1975 X P (2.29 _+ 0.07) x 107 309 _+ 7 
J a n .  26, 1975 X P (1.25 +_ 0.06) x 107 307 _+ 2 
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in wave leng th  b y  3.5 t imes  has little effect 
on the  backsea t t e r ing  mechanism.  

The  backsca t t e r ing  law is bel ieved to be 
associa ted  wi th  the  depolar ized or diffuse 
c o m p o n e n t  is of  the  fo rm S(O)~ cos"(0) 
where n is 1 or 2 (e.g. see E v a n s  and  Hag-  
fors, 1966; R e n a u  et al., 1967; and  Fung,  
1967). I t  would appea r  t h a t  the  back-  
sca t t e red  power  f rom a surface as rough as 
ind ica ted  b y  the above  m e a s u r e m e n t s  
should be equal ly  d i s t r ibu ted  in ei ther  
polar izat ion.  Such is not  the  case. The  
ra t ios  of  polar ized r ada r  cross section to 
depolar ized is abou t  3 a t  X - b a n d  and 
roughly  4 a t  S-band.  The  depolar ized 
measurement ,  a t  S -band  is sufficiently 
poor  t h a t  ra t ios  be tween  2 and 16 are 
possible. Therefore,  it is not  possible to 
es tabl ish  whether  the  surface is less diffuse 
a t  the  longer wavelength .  

The  deduct ion  of fu r the r  physical  para-  
meters  for the  as teroid  f rom the averaged  
spec t ra  requires cer tain assumpt ions  t h a t  
can be e l iminated  by  more refined analysis  
of  the spec t ra  ave raged  over  much  shor ter  
periods. However ,  in te rp re ta t ions  of  r ada r  
measu remen t s  of  bandwid th  and  cross 
section are t radi t ional ,  and  it is interest ing 
to see wha t  results  can be ob ta ined  using 
the  usual assumpt ions .  In  par t icular ,  the  
mean  radius  of  the  asteroid can be esti- 
ma ted  ti 'om the  b a n d w i d t h  of the  echo 
or the  r ada r  cross section. Assumpt ions  
concerning direct ion of  the  polar  axis, the 
form of the  sca t te r ing  law, and  the  effect 
of  averag ing  spec t ra  f rom an i rregular ly 
shaped object  mus t  be considered in the 
case of  bandwid th .  The half  bandwid th ,  
Jm, is given b y  

f~  = (292R/+~) cos 8, 

where ,Q is the  ro ta t ion  rate ,  R is the  
radius,  +~ is the  wave leng th  of the  r ada r  
sys tem,  and  ~ is the  decl inat ion of  the  
E a r t h  as measured  f rom a coordinate  
f r ame  centered on the  asteroid.  $ is known 
to be near  20 ° a t  the  t ime  of our  obser- 
va t ions  f rom the m e a s u r e m e n t  of  Dun lap  
(1976). F r o m  the  b a n d w i d t h  da t a  the  
largest  radius  m u s t  be g rea te r  t h a n  17 km.  
The  es t imates  of  fm increase when the  
obse rva t ions  are processed wi th  larger 
va lues  of  n in the  sca t te r ing  law, yielding 

even larger radii. The effect of  o ther  
a ssumpt ions  is unknown.  

The r ada r  cross section is g iven by 
a=rrR2pg, where p is the  efficiency 
coefficient of  the  surface mater ia l  and  g 
is a surface gain coefficient associated 
with  the baeksca t t e r ing  direet ivi ty .  The  
mean  radius  can be calculated f rom the 
cross section formula  if some assumpt ions  
can be made  abou t  the  p roduc t  Off. A value 
of  pg near  0.1 is typ ica l  of  m a n y  p l ane t a ry  
and  lunar  surfaces,  bu t  all p l ane t a ry  and 
lunar  surfaces observed  so far  exhibi t  
highly quasi-specular  backsea t t e r ing  char- 
aetcris t ies  which have  values of  the  gain 
coefficient near  unity.  R a d a r  measure-  
ments  of  l ca rus  and  Toro  repor ted  by  
Goldstein (1968, 1969 and by  Goldste in  
et al. (1973) indicate  t h a t  very  rough 
surfaces m a y  be character is t ic  of  small  
asteroids.  A very  rough surface exhibi t ing 
a L a m b e r t  sca t te r ing  character is t ic  migh t  
have  a gain as large as 4/3 if only one 
polar iza t ion is observed.  Other  sca t te r ing  
models could be assumed.  For  example ,  
Muhleman ' s  quasi-specular  model  based on 
a faceted surface reduces to S(O)~ cos0 
when the roughness  p a r a m e t e r  is set 
to uni ty ,  and  gives a surface gain of  3/2 
(e.g., see Muhleman,  1964, 1966). Grea te r  
var ia t ions  might  be expec ted  in p. Table  
I I  shows the values  of  mean  radius  
based on var ious  assumpt ions  for p and  g. 
These radii are all much  smaller  t h a n  
indicated b y  the  bandwid th  measurement .  
This  d i sc repancy  could indicate  t h a t  the  
ref lect ivi ty  of the  surface mater ia l  is 
smaller  t h a n  any  of  the  assumed values  or 
t h a t  the largest  radius in the  ro ta t ion  plane 

TABLE ] I 

MEAN B,ADII BASED l~ADAR CROSS SECTION 
DATA FOR SEVERAL ASSUMPTIONS OF SURFACI~: 

REFLECTIVITY AND BACKSCATTER GAIN 

Moon Venus Solid ii'ot~ 
p = 0.08 p = 0.15 p = 1.(~ 

Lmnbert 
g = 4/3 8.4 6.2 2.4 

Muhleman 
g = 3/2 8.0 5.8 2.3 
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is d o m i n a n t  in establ ishing the  bandwid th  
of  the  ave rage  spec t rum.  

Averages Over Shorter Time Spans 
I n  order  to achieve finer t ime  reso- 

lut ion,  the  f i t t ing procedure  described in 
the  previous  section was appl ied to indi- 
vidual  X - b a n d  spec t ra  (2.5min average) ,  
spec t ra  ave raged  for one-hal f  hour  dur- 
at ion,  and spec t ra  ave raged  for one qua r t e r  
of  a ro ta t ion  period. Of  these, the  one- 
ha l f  hour  averages  seem to present  the 
best  compromise  between t ime  resolut ion 
and  adequa t e  signal to  noise ratio.  R a d a r  
cross section, center  f requency,  and band-  
width  were e s t ima ted  as before, and these 
d a t a  are shown in Figs. I th rough  4. 
Average  spec t ra  were p repa red  for t ime 
s teps  of  15 rain; therefore  ad jacen t  
m e a s u r e m e n t s  are not  independent ,  bu t  a 
s m o o t h e r  curve  results. The  ampli tu( le  of  
t he  spec t ra  t a k e n  on the  last  day  ( J a n u a r y  
26, 1975) were increased by  a fac tor  of  
1.78 to  compensa te  fox' the a p p a r e n t  
po in t ing  error  on this date .  

F igures  ! t h rough  4 show t h a t  the 
bandwid th s  near  the t imes of p r ime 
m i n i m a  average  abou t  200 Hz while values 
o f 3 5 0  Hz are typ ica l  near  the  max ima .  The 

values of  cross section average  abou t  
l x 107m 2 near  the p r ime  min ima  and 
abou t  3.5 × 107m 2 near  the max ima .  I f  
the sca t te r ing  law of  the  asteroid were 
propor t iona l  to coslO, the  r ada r  cross 
section would be propor t iona l  to the 
pro jec ted  area,  and the ra t io  of  ama x to O'mi n 
would give a good es t imate  of the rat io  
of  the lengths of  the two axes in the  
ro ta t ion  equa to r  if  ~ is not  too large. I f  the  
exponen t  of  the cosine scat ter ing law is 
larger  t han  one, the  cross section ra t io  
would be larger t h a n  the  length rat io  of  the 
two axes. The bandwid th  ra t io  is also a 
se'nsitive indicator  of  the rat io  of  lengths 
of  the axes in the ro ta t ion  equa to r  and 
is independent  of  3 if the scat ter ing law 
is cos '&  The bandwid th  rat io  also in- 
creases with an increase in the exponen t  
of  the  cosine scat ter ing law, bu t  not  so 
rap id ly  as the r ada r  cross section. The 
measured  rat ios  of  cross section and  
bandwid th  are p robab ly  smaller  than  
would be observed if the  r a the r  sharp  
m i n ima  were not  smeared out  by  the  
averaging  process. 

The solid curves shown in Figs. 2 5 
are Fourier  series representa t ions  of  the  
measu remen t s  using only a cons tan t ,  
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J a n u a r y  I9,  1975. 
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E'lr:. 3. Meusurcments of center frequency, bandwidth, and radar cross sect~ion for observations of 
January 24, 1975. 
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J?'rc:. 4. Measurcmcnbs of center frequency. bandwidth, and radar cross section for observations of 
.Panuary 25, 1975. 

fundamental, and second harmonic t,erms. fm = (283.8 * 2.8) + (-7.2 & 3.7) cosQt 
The Fourier series for the center frequency, 
bandwidth, and model radar cross section 

+ (-31.5 f 4.I)sinQt + (61.2 & 4.0)cosZQt 

are given, respectively, by + (35.1 f 3.9) sin 2!2t, (2) 

Jo T (-10.0 f 2.5) cosat unl = 106((24.3 f 0.30) + (0.72 f0.39)cosSt 

+ (16.4 5 2.7)sinQt + (1.9 f 2.6)cosXA +(-l179&0.35)sin!2t+(8.9 i0.36)cosUt 
+ (-0.1 f 2.6) sin LQt, (1) + (3.7 * 0.37)sinZ?t), (3) 
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where /2  is 27r/5.268912 and time, t, in hr is 
referenced to 0 . 0 H r U T  on J a n u a r y  19, 
1975. Of par t icular  interest is the wobble 
in center frequency,  which has a strong 
fundamenta l  component  bu t  no significant 
second harmonic.  A ro ta t ing  triaxial 
ellipsoid, for example, having axes a = 
18 x 103, b = 6 × 103, and c - 6 × 1 0 3 n l ,  
¢3 = 20 °, and the exponent  of the scattering 
law, ~, equal to 2 would exhibit  a :E15Hz 
wobble every half  revolution. If  n = 1, 
no wobble would be observed. The absence 
o f  the detect ion of  this component  may  
mean tha t  the value of n is near unity.  I f  
this is the ease, the s t rong fundamenta l  
t e rm must  be a t t r ibu ted  either to vari- 
a t ions in surface refleetivity from one 
side to the other  or to var ing amounts  of 
projected area either side of  the projected 
axis of  rotat ion.  The second possibility is 
mos t  likely the ease, since no optical 
differenees in either color or polarization 
character±sties were observed during rota- 
t ion by  Miner and Young  (1976), or 
Zellner and Gradie (1976). 

Some fundamenta l  component  also 
exists in the Fourier  series for the band- 
width and radar  cross section. This term 

is p robably  introduced by differing 
amounts  of  bluntness when the asteroid is 
oriented to min imum projected area. 

The depolarized X - b a n d  observat ions 
as well as the S-band  polarized and de- 
polarized observat ions were processed in 
the same way as described above. Al though 
these da ta  are sufficiently poor t ha t  the 
center f requency and bandwid th  cannot  
be measured in m a n y  eases, the radar  
cross section can be measured. In  par- 
t i tular,  the measurements  of  the radar  
cross section a t  the t imes of  the maxima  
are of  fairly good qual i ty  and a good 
est imate of the depolarized X-band  cross 
section is 1.25 × 107m -'. This would give a 
ratio of ap/a D of  3 to 1. A somewhat  
improved ratio for the S-band obser- 
vat ions can be obtained in the same 
manner  using the radar  cross sections at  
the prime maxima.  The results are a e = 
(8.0 ± 1.4) × 107andaD = (3.0 ± 1.4) × 107 
m-'. The ratio ap/aD would be 2.7+~:~. 
These ratios are not  very  different from 
those found from the full period averages 
though they  are based on radar  cross 
section measurements  tha t  are larger t h a n  
those from the full period averages. 
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Averages Over Constant Phase 
Because the measurement of the mini- 

mum bandwidth is difficult to make with 
the previous procedure, we organized the 
spectra of the last three consecutive days 
into sixteen bins of nearly constant 
rotation phase. The first phase bin is 
centered at 0 .0HrUT on January  19, 
1975, and the time separation of each bin 
thereafter is given by the rotation period 
divided by sixteen. Therefore, the smearing 
in time or phase angle is about 20 rain or 
22.5 ° and offers some improvement over 
the previous procedure. The variation in 
the angle of the observer above the 
rotation plane is only a few degrees over 
the span of the observations, and no 
significant smearing of the spectra is 
expected due to this variation. The main 
danger of this procedure is tha t  the 
Doppler frequency of the center of mass 
may have drifted relative to the Doppler 
frequency of the trial ephemeris. The 
largest Doppler frequency drift appears to 
be associated with the observations on 
the final day, which happens to be weighted 
down by a factor of three due to the 
pointing problem. We believe that  the 
effective smearing of the spectra is less 
than 20Hz, i.e., the bandwidth of the 
spectra should not be widened by more 
than 20Hz due to center frequency drift 
over the 3 days of observation. The mini- 
mum bandwidth expected is probably 
not less than 100Hz, and therefore the 
drift is not entirely insignificant. The 
resulting sixteen spectra are shown in 
Fig. 6. 

Although the exact shape of the spectra 
cannot be determined, some of the general 
features such as width, average flatness, 
aml approximate center can be discerned 
by sketching average curves through the 
plots. The intensity near the center of the 
spectra remains fairly constant for each 
phase, and only the widths seem to vary. 
Spectrum number six falls near the time of 
a prime minimum and can be seen to be 
the narrowest. Actual measurements of 
center frequency, bandwidth and radar 
cross section have been made using the 
modeling procedure discussed earlier. The 
results of this analysis are shown in 

Fig. 7. The solid curves are Fourier series 
representation of the data, and the series 
are by 

fo = (--9.5 ± 3.0) cos g2t + (2.2 ± 3.0) s in~t  

+ (5.3 ± 3.0) cos 2g2t + (1.8 ± 3.0) sin 2t~t, 

(4) 

f m =  (276 ± 3) + (10.7 ± 4.4) cos-Qt 

+ (--2.3 ± 4.4) sin g2t + (72.5 ± 4.3) cos 2g2t 

± (44.2 ± 4.5) sin 292l, (5) 

a m = l06 [(23.5 ± 0.3) ± (0.67 ± 0.45) cosg2t 

+ (--1.00 ± 40) sin g2t + (8.59 ± 0.43)cos 2zgt 

± (5.09 :+- 0.42) sin 2g2t]. (6) 

The bandwidth of spectrum six is 
167Hz and spectrum number nine has 
the largest width of 359Hz, giving a band- 
width ratio of 2.15. The ratio of maximum 
to minimum radar cross section is approxi- 
mately 2.56, with spectrum six exhibiting 
the smallest radar cross section of 1.29 x 
l07 m:. I f  we subtract approximately 20Hz 
from the smallest bandwidth measure- 
ment to compensate for possible smearing, 
the bandwidth ratio is increased only to 
2.44. In that  case the bandwidth ratio is 
nearly equal to the radar cross section and a 
value of n approaching unity would be 
indicated. 

The Fourier analysis of the center 
frequency data indicates a strong wobble 
at the fundamental rotation frequency 
and a nearly insignificant second harmonic 
term. From the standpoint of further 
analysis of the Eros observations it is 
important  to note tha t  the center fre- 
quency variation reaches its maximum 
and minimum values near the times of 
minima of the light curves and corres- 
pondingly with the minima of bandwidth 
and cross section curves. These data 
again seem to indicate tha t  the ratio of the 
axes in the rotation equator is less than 
2.5 to l, although the ratios of maximum 
to minimum values of bandwidth and 
radar cross section could be somewhat 
larger due to the fact that  the smearing 
over 22?5 in phase has not been taken 
into account. 
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zontal  t icks  ~re eve ry  16 reso lu t ion  cells. 
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~v('raged into sixteen phase slots. 

Modeling with a Triaxial Ellipsoid 
In order  to avoid the smearing problem 

associated with t ime and phase averages 
and to el iminate the convergence problems 
associated with fitting spectra  models to 
noisy radar  spectra  containing a small 
number  of  points,  we have  fit. a model based 
on a rough rota t ing tr iaxial  ellipsoid to the 
X -band  polarized spectra  of  J a n u a r y  24 
and  25, 1975. The  model contains 9 
parameters ,  which are the reflection coeffi- 
cient, the center  frequency,  the lengths 
of  three  axes, the angle of  the observer  
above the ro ta t ion  plane, a ro ta t ion phase 
angle, the ro ta t ion ra te  and the exponent, 
of the cosine seat ter ing law, giving a 

vector  of unknowns (P,fo, a, b, c, ~, ¢, .(2, n), 
respectively.  We considered the ro ta t ion  
rate  Q to be known and constructed a 
correlat ion mat r ix  of the remaining s 
parameters  to determine the correlations 
and formal errors associated with the 
solution of various remaining subsets of 
the parameters .  A strong correlation 
between the length along the spin axis, c, 
and the  reflection coefficient made it 
impossible to determine these independ- 
ent ly.  A strong correlation also existed 
between the ~ngle, 8, and the two lengths 
of the axes in the ro ta t ion equator .  
Although the rotat ion phase angle, ¢, was 
well determined,  the optical measurement  
of the t imes of prime minima established 
a be t t e r  es t imate  of this parameter .  As 
pointed out  earlier, ad jacent  minima 
correspond to opposite center-frequency 
shifts. We have chosen to remove the 
fundamenta l  component  of f requency shift 
as well as daily f requency  offsets using the 
est imates  from the first two procedures 
ra ther  than atten~pt to s imultaneously fit 
a larger set of parameters  to account  for 
the motion of the center frequency.  
Four  free parameters  (p, a, b, ~t) were 
adjusted to minimize the mean-square  
error  between the dMa set and the com- 
puted spectral densi ty  based on t he model. 

'Fable I I I  lists the assumed values of 
various parameters  which have been 
fixed. The 7 x 103m value assumed for 
the third axis is simply a guess. The major 
effect, of  increasing the size of this axis is to 
decrease the reflection eoeft:ieient propor-  
t ionally,  thus the assumption is not too 
critical except  to the in terpre ta t ion  of the 
surface reflectivity.  

TABLE III  

~ U M M A R Y  O F  F O R C E D  ]_:)ARAMETERS U S E D  TO E S T ~ M A T F  T H E  F R E E  P A R A M E T E R S  

Parameter Assumed value Commm~t 

fo --17.9 + 24.1cos(Qt - -  113'.1) For data of Jan. 24, 1975 
fo --5.0 + 24.1cos(Qt- 11371) For data of.Jan. 25, 1975 
c 7.0 × 1031n 

2(K0 Dunlap, 1976 
¢ 1137875 Dunlap, 1975 
.Q 2rr/5.2689l 2 radians per hour Dunlap, 1976 
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TABLE IV 

.~EAN VALL~ES, STANDARD ERRORS, AND CORRELATION MATRIX FOR REDUCTION "~VITH to, a ,  /), a n d  
Yt a s  F R E E  PARAMETERS 

p a (m) b (m) ~* 

0.123 19.16 × 103 11.39 × 103 2.447 

p 0 .0066 
a 0 .3852 0.205 × 103 

b 0 .7638 0 .3494 0 .376 × 103 

~ 0 .9766 0 .4462 0.8131 (t.170 

Table  I V  show-s the  resul ts  of  a ibur  
p a r a m e t e r  solution using the  assumed  
values  of  Table  I I I .  The values of  p, a, b, 
and  n are given with  the  fo rmal  errors  along 
the  diagonal  of  the  ma t r i x  and  the  norma-  
lized correlat ion coefficients p resen ted  in 
the  off-diagonal locations.  The  corre- 
lat ions between p and  n and be tween  b 
and  n are larger t han  we ant ic ipa ted ,  
and  the  value of  n is larger  t h a n  t hough t  
to be possible since the  center  f requency  
excursion for this model  would be ± 1 6 H z  
and should be observable ,  unless by  some 
chance the  same mechan i sm t h a t  gener- 
a tes  the  wobble  in center  f requency  at  the  
f u n d a m e n t a l  f requency  of ro ta t ion  also 
genera tes  a t e r m  a t  the  second harmonic  
f requency  which has bo th  the  p roper  ampli -  
tude  and  phase  to cancel out  the wobble  
genera ted  by  t h a t  pa r t  of  the  figure t h a t  is 
recur ren t  every  ha l f  rota t ion.  This  seems 
unlikely.  Therefore  we have  fixed the 
va lue  of  n to 1.2, which results  in a fre- 
quency  wobble  a b o u t  equal  to our detec- 
l ion threshold.  Table  V shows the  results  

T A B L E  V 

MEAN VALUES, STANDARD ERRORS, AND 
CORRELATION MATRIX FOR REDUCTION V~:ITH 
~ = 1.2 a n d  p, a,  a n d  b as  FREE PARAMETERS 

p n 

0 . 0 7 8 0  1 8 . 4 1 X  103 

p 0 . 0 0 0 9 4  
a - - 0 . 1 9 7 0  0 . 1 5 7  x l 0 3  

b --0.2829 --0.2936 

of  the  t h r e e - p a r a m e t e r  solution. The mos t  
i m p o r t a n t  difference is t h a t  the  length of  
the small  axis has been reduced b y  2.6kin. 

The  light in tens i ty  sca t te red  f rom Eros  
varies b y  a fac tor  of  4 to I dur ing a ro ta t ion,  
and  one migh t  infer t h a t  a ra t io  of  the 
axes in the ro ta t ion  equa to r  is equally 
large. The analysis  by  Dunlap  (1976), 
however ,  gives a ra t io  of  abou t  3 to 1 
when the effect of  shadowing is t aken  into 
account .  Since this ra t io  is larger  t han  ours, 
and  because mos t  of  the  sys temat ic  errors  
in es t imates  of  the  o ther  p a r a m e t e r s  
would tend  to reduce the ra t io  which we 
es t imate ,  we have  explored the possibil i ty 
t h a t  certain of  our  assumpt ions  are in 
error. In  par t icular ,  we have  assumed t h a t  
the  m i n i m u m  rada r  cross section does not  
occur in synchronism with the min ima  
of  the fight curves. The  Fourier  series 
represen ta t ion  of  our bandwid th  and r ada r  
cross section da t a  given in (2), (3), (5), and  
(6) all give min ima  t h a t  occur abou t  10 rain 
earlier t han  the  first p r ime m i n i m u m  
af ter  0 . 0 H t U T  on J a n u a r y  19, 1975. 
Therefore,  we included the  phase  reference 
angle, ¢, as a free pa ramete r .  The results  
are shown in Table  VI.  Here  ¢ has been 
reduced to 102.1 ± 0 . 7  ° and the  small 
axis b y  rough ly  I kin. The  phase  difference 
would indicate  t h a t  the t ime  of  pr ime 
m i n i m u m  reflected back  f rom the da t a  

b (in) of  J a n u a r y  24-26, 1975, to  the  neares t  
p r ime  m i n i m u m  following 0 . 0 H r U T  on 

8.775 × 103 J a n u a r y  19, 1975, is 10.36rain pr ior  to 
- -  the  t ime  of  the  first opt ical  p r ime m i n i m u m  

of t h a t  date.  
0.151 × 10 a The  da t a  of Tab le  V I  yield a model  

t h a t  is in good ag reemen t  wi th  the  direct  
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TABLE VI 

~{EAN VALUES, STANDARD ERRORS, AND CORRELATION MATRIX WITH ¢0 INCLUDED AS A ]2"REE 
PARAMETER 

p a (Ill) b (nl) (~] 

0.0804 18.58 × 103 7.87 × 103 102:1 

p O.00096 
a --0.1934 0.150 × 103 
b --0.2938 --0.2843 0.150 × 103 
~b --0.0066 0.()'~ l 1 0.0223 0~.690 

m e a s u r e m e n t s  of center  f requency,  band-  
width,  and  r ada r  cross section as well as 
ra t ios  p r epa red  f rom these, The  center  
f i 'equency wobble  is abou t  ± 3 H z ,  which 
is jus t  below our detect ion threshold,  
while the  m a x i m u m  and m i n i m um  values 
of  b a n d w i d t h  are 364.3 and 150.2Hz, 
giving a rat io  of  2.42. The  m a x i m u m  
and m i n i m u m  values for the  r ada r  cross 
section are 3.08 × 107 and  1.48 × 107m 2 
giving a ra t io  of  2.07. The  ac tual  rat io  of  
the  two axes in the  ro ta t ion  equa to r  is 2.36. 

The meaning  of our  reflection coefficient, 
p, is different  f rom the usual  meaning  
where p is the  Fresnel  reflection coefficient 
associated wi th  the  reflection from a 
dieletric interface.  In  our case, p is s imply  
the  mul t ip l ier  of  the cos"0 sca t ter ing  
funct ion required to cause the  spectra l  
dens i ty  of  the  model  to m a t c h  the  measured  
spectra l  densi ty .  The  connect ion of this 
p a r a m e t e r  to physica l  p a r a m e t e r s  of  the  
surface requires in fo rmat ion  abou t  the  
forward  sca t te r ing  proper t ies  of  the surface 
as well as the  abi l i ty  to model  the  de- 
polar izing mechan i sm which cont r ibutes  
ex tens ive ly  to b o t h  the  polarized and  
depolar ized r ada r  cross section. 

IV.  CONCLUSIONS 

The resul ts  of  this s t udy  indicate  t h a t  
the  surface of Eros  in exceedingly rough. 
A surface comple te ly  filled wi th  sharp  
edges, pits,  subsurface holes or chunks  of  
imbedded  mate r ia l  would be in good 
ag reemen t  wi th  our  da ta .  

Analysis  of  the  curves of  center  fre- 
quency,  spec t rum bandwid ths ,  and radar  

cross section as a funct ion of t ime  or 
ro ta t ion  phase  indicate t h a t  the rat io  of  
radii  in the  ro ta t ion  equa to r  mus t  be near  
2.5 to 1. Model spect ra  genera ted  f rom a 
ro ta t ing  t r iaxia l  ellipsoid are in good 
agreement  wi th  our measured  spectra  
if  the  radii  in the  ro ta t ion  equa to r  are 
18.6 and  7.9kin. A backsca t te r ing  funct ion 
of the form of cos"0 is indicated where 
1 < n < 1.5 for the  polarized componen t  
and not  g rea t ly  different for the  depolar-  
ized component ,  t hough  direct  measure-  
men t  is not  possible wi th  our data .  

A s trong wobble in the appa ren t  center  
f requency  of the spec t ra  is observed as 
ro ta t ion  progresses. This componen t  of the  
wobble is periodic in the ro ta t ion  fie- 
quency  of the  asteroid and  contains no 
measurab le  second harmonic .  The  peak  
excursions in center  f requency  occur at  the  
t imes of m i n i m u m  radar  cross section 
and  spectral  width.  The  expec ted  center  
f requency  of a ro ta t ing  t r iaxial  ellipse 
would be zero a t  these t imes.  Tlmrefore.  
this  componen t  mus t  be genera ted  by  some 
a s y m m e t r y  in the  figure, a denser  mater ia l  
on one side or the other ,  or by  a difference 
in surface ref lect ivi ty  or surface slopes on 
opposi te  sides of  the  asteroid. 
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